By using the finite-difference time-domain method we have investigated the propagation of a surface plasmon polariton on a metallic grating consisting of N equally spaced rectangular grooves, each with the same width but with varying depths. We find that the transmissivity of the surface plasmon polariton, and the power radiated into the vacuum, as functions of its frequency consist of N equally spaced dips and peaks, respectively, that have the form of a Wannier-Stark ladder. By using an analytical approach we show that the localized states with a constant difference in frequency qualitatively agree with the resonances obtained from solving the equations for symmetric modes associated with the crosswise plasmons, which identifies the coupling of the incident wave to localized modes confined within the groove as the major mechanism responsible for the existence of equally spaced resonances.
INTRODUCTION
In 1928 Bloch [1] proposed the concept of Bloch waves to describe the motion of electrons in a periodic potential. Based on the Bloch theorem, he predicted that an electron moving in a periodic potential and subject to acceleration by a constant uniform external field as a function of its wave vector performs the periodic motion that has come to be called electronic Bloch oscillations. In 1959 Wannier [2] re-examined the problem of the motion of an electron in a periodic potential while it was being accelerated by a constant, uniform, external electric field and theoretically showed that the energy spectrum of the electron consists of equidistant discrete energy levels in the presence of the electric field, with the separation between consecutive levels proportional to the electric field strength, instead of the band structure it possesses in the absence of the electric field. These equally spaced energy levels have come to be called an electronic Wannier-Stark ladder(WSL). In is important to keep in mind, that WSL and Bloch oscillations are closely related; in fact a WSL is the frequency domain quantum counterpart of the time-resolved Bloch oscillations [3] .
The existence of the WSL was experimentally verified some 20 years later by Méndez et al. [4] in high quality semiconductor superlattices. More recently, an optical Wannier-Stark ladder was studied theoretically by Monsivais et al. [5] who investigated the transmission of transverse electromagnetic waves through a finite stratified structure whose dielectric constant at a given frequency was the sum of a periodic function of the coordinate normal to the interfaces of the structure, and a linear function of that coordinate. The transmission coefficient as a function of the angle of incidence of the electromagnetic wave displayed a Wannier-Stark ladder for some values of the parameters characterizing the structure. The first experimental observation of an optical Wannier-Stark ladder was carried out for a structure consisting of a linearly chirped Moiré grating written in the core of an optical fiber [6] .
THEORETICAL MODEL AND NUMERICAL RESULTS
In a recent paper [7] we numerically demonstrated the existence of the analogue of a Wannier-Stark ladder for a surface plasmon polariton. Namely, we examined the propagation of a surface plasmon polariton of frequency ω across a metallic grating consisting of N equally spaced rectangular grooves, each of width l and varying depth h n (n = 0, …, N -1), separated by planar segments of length d. The structure consisted of vacuum in the region x 2 > ζ(x 1 ), while the region x 2 < ζ (x 1 ) was a metal characterized by an isotropic, complex, frequencydependent dielectric function ε(ω ) = ε 1 (ω ) + iε 2 (ω). The corresponding surface profile function ζ(x 1 ) is depicted in Fig. 1(a) , where the propagation direction of the incident wave is indicated by an arrow on the left hand side of the structure. We considered the frequency range in which the real part of ε(ω), ε 1 (ω), is negative. The imaginary part of ε (ω), ε 2 (ω), was non-negative, and was assumed to be much smaller than |ε 1 (ω)|. We showed that for a particular choice for the dependence of the depth h n on the index n the transmissivity of the surface plasmon polariton, and the power radiated into the vacuum, as functions of its frequency display structures that have the form of a Wannier-Stark ladder.
In this paper we show that the resonances observed in transmission spectra for both a single grove and the metallic grating shown in Fig. 1 (a) can be interpreted in terms of the localized modes confined within the groove. We first consider a single groove because in the independent groove model [8] each groove in the grating structure supports electromagnetic resonances independently of the other grooves. Specifically, we assume that a rectangular groove of width l and depth h is cut into the planar surface of a metal, which we assume to be silver. The width of the groove is l = 25 nm, and its depth is h = 1000 nm. The dielectric function of silver in the vicinity of the frequency corresponding to the wavelength λ = 616 nm was fitted to a Drude model expression
, and the values of the plasma frequency ω p = 13.07×10 15 rad/s and the electron scattering frequency γ = 8.3607 ×10 15 rad/s [9] were obtained. The transmittance, reflectance, and power radiated into the vacuum region above the surface were calculated as functions of the frequency of a surface plasmon polariton incident normally on the groove -see Fig. 1(b) . In the case of TM polarization the nonzero components H 3 , E 1 , E 2 of the electromagnetic field in this system were calculated within a 2D computational domain in the x 1 x 2 plane, and each of the fields is represented by a 2D array. We employed the OptiFDTD software [10] , which is based on the finite-difference time-domain(FDTD) approach [11] that yields a direct numerical solution of the time-dependent Maxwell's curl equations. Both the transmittance and the power radiated into the vacuum reveal several well defined dips and peaks, respectively, that start to appear below the plasma frequency when the depth of the groove surpasses a threshold value. In accord with the results of a numerical simulation for a single groove performed recently by Kuttge et al. [12] we observed that at the resonances shown in Fig. 1(b) the near-field intensity forms a standing wave pattern inside the groove. Specifically, we show in Fig. 2 the distribution of the magnetic field belonging to the 3rd order resonance at the frequency corresponding to the wavelength λ = 750 nm indicated in Fig. 1(b) . We have found that the magnetic near-field intensity within the groove is significantly enhanced in comparison with that belonging to an incident plasmon and, according to a calculated Poynting vector, the energy density is directed towards the groove and indicates a strong coupling between the surface plasmon propagating along the x 1 axis and localized modes confined in the groove. The standing groove modes have been identified as the special case of channel plasmon polaritons (CPP) [13] for k 3 = 0, where k 3 is the wave vector normal to the plane x 1 x 2 [12] . Namely, based on the calculations of the dispersion relation for CPP calculated by using boundary element method it was shown that frequencies of the modes at k 3 = 0 coincide with maxima in reflectivity.
Here we suggest a simple theoretical model which provides an alternative description of the standing groove modes in terms of the crosswise (CW) plasmons [14] . The dispersion relation for crosswise SPP which is excited within the groove reads
For symmetric and antisymmetric mode, respectively. Here κ 1 (m) and κ 1 (1) determine the decay of the electromagnetic field with increasing distance from the air-metal interfaces
To interpret the resonant behavior of the transmittance we consider the wave vector k 2 in the x 2 direction which is given by the Fabry-Perot resonance condition k 2 = mπ/h, m = 1,2,…Then by solving the dispersion relations for CW plasmons we find the resonances which depend on the depth h and width l. Specifically, we have found that the resonances obtained from the dispersion relation belonging to symmetric crosswise plasmon -see Fig. 3(a) qualitatively resemble dips and peaks in transmittance and reflectance, respectively, obtained from numerical simulations for a single groove when the depth h = 1000 nm and width l = 75 nm. The wavelengths corresponding to the resonant frequencies obtained numerically are indicated by the arrows in Fig. 3(a) .
Figure 3: (a) Resonances associated with crosswise surface plasmons excited within a single groove; (b) The transmittance and the power radiated into the vacuum of a surface plasmon polariton propagating on a silver surface with 10 rectangular grooves as functions of the normalized frequency.
Now we turn to the structured metal surface depicted in Fig. 1(a) . We have shown by varying the depth of the groove that the frequencies of the dips associated with both the radiated and transmitted power increase when h is decreased. When we label the frequencies of the resonances supported by the groove in the order of increasing magnitude by ω (j) , j = 1, 2,.. with ω (j+1) > ω (j) , one can employ a linear dependence to fit the depth dependence of ω (j) of the form
where h 0 = 1000 nm, and a (j) is a fitting parameter. If we now define h n = h 0 [1+ γ (j) n], then the frequency of the j th resonance in the n th groove (n = 0,1,…) and the differences between consecutive frequencies(that are independent of n), are given by
respectively. The parameter γ (j) thus mimics the role of the electric field strength in the electronic Wannier Stark ladder based on the j th resonance. The preceding results can be applied to describe the propagation of a surface plasmon polariton of frequency ω on the structured metal surface depicted in Fig. 1(a) . At the lowest frequencies, when ω is of the order of ω 0 (2) , the j = 2 resonance in groove number 0 is excited. The modes in the remaining N -1 grooves are out of resonance, so that the amplitude of the field decreases with increasing distance from the groove 0. The resulting state is therefore localized around this groove. When the frequency of the incident surface plasmon polariton is increased by Δω 0 (2) , the j = 2 resonance in groove 1 will now be excited, and the j = 2 modes in the remaining grooves will be out of resonance. The amplitude of the corresponding state is therefore localized around this groove. One obtains the same kind of result when the j = 2 resonance in groove n is excited. Therefore, we have produced a finite Wannier-Stark ladder consisting of N localized states with a constant difference in frequency given by eq. (5). In Fig. 3(b) we plot the dependence of the transmittance (dashed line) and the power radiated into the vacuum (solid line) as functions of the frequency of the surface plasmon polariton incident on the array of 10 grooves of decreasing depth when γ = -0.04, where γ ≡ γ (2) . The width of each groove is l = 25 nm, the distance between consecutive grooves is d = 125 nm, while the depth h 0 is h 0 = 1000 nm. In the frequency range that includes the frequency of the second lowest frequency resonance in each groove we observe 10 peaks in the radiated power at the frequencies ω n (2) , n = 0, …, 9, in the frequency range between the two resonances ω (2) and ω (3) , which correspond to the dips in the transmittance at the same frequencies. We have shown that by varying the depth of the groove one obtains from the dispersion relation for the symmetric crosswise plasmons the resonances which agree well with those shown in Fig. 3(b) . For both a single groove and a grating profile shown in Fig. 1(a) , the qualitative agreement between the results obtained numerically, and the solutions found from the dispersion relation for crosswise SPP indicates that the coupling between the surface plasmon propagating along the x 1 axis and localized modes confined in the groove represents a major mechanism which affects the transmission spectra. One has to keep in mind, however, that besides groove cavity excitation controlled by the depth of the groove, there exist additional mechanisms such as in-phase groove emission controlled by the period of the groove array, that can affect transmission properties of a grating surface [15] .
CONCLUSIONS
Following our numerical simulations performed recently in which we predicted the existence of the plasmon polariton analogue of a Wannier-Stark ladder we propose a simple theoretical model that interprets the transmission spectra in terms of the crosswise plasmons localized within the grooves. The qualitative agreement between the results obtained numerically, and the solutions found from the dispersion relation for crosswise plasmons prompts us to identify the coupling between the surface plasmon propagating along the x 1 axis and localized modes confined in the groove as a major mechanism that affects the transmission spectra.
